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Supplementary Text

Theoretical model for 4π microscopy and beams combination method
Before exploration of light-induced magnetization in the 4π beams combination configuration, it is prerequisite to investigate the relevant electric field distributions of a single high-NA objective. In principle, the effect of polarization should be taken into account in the high-NA geometry. When a linearly x-polarized plane wave illuminates an aplanatic lens, the electric fields E in the vicinity of the focus can be expressed according to Richards and Wolf (42) 
where A is the field amplitude distribution at the pupil plane, α denotes the convergence semi-angle of the objective,   P  is the pupil apodization function, which is equal to 12 cos  for the objective obeying the Abbe condition, n J is the n th -order Essentially, the key to garner purely longitudinal magnetization all-optically in the magnetic hologram is to remove electric field along axial direction (Ez). The 4π microscopic system is preferred due to its fascinating capability in achieving axial super-resolution simultaneously (26, (39) (40) (41) . In the 4π microscopic system, the electric fields near the foci are the superposition of the fields from two counter-propagating focused beams, which is (47)
To achieve both perfect destructive interference of the axial electric field and constructive interference of the transverse counterpart at the focal plane, so as to make the pure transversally polarized optical field with sub-diffraction spot size possible, as well as inducing pure longitudinal magnetization via the inverse Faraday effect simultaneously, we propose 4π beams combination microscopic system. Therefore, the electric fields near foci are superposition of the multi-beams fields, shown in Fig. 1(a) in main text. That is
where i E stands for the focal electric fields with semi-aperture i  . i C denotes the amplitude modulation coefficient for corresponding beam. z  in i E indicates that the field is counterpropagating. In this article, the optimal semi-apertures and corresponding amplitude modulation coefficients are obtained through optimization.
Substituting Equation S8a
into Equation S10, we obtain the electric field in the focal vicinity of this 4π beams combination microscopic system with left-handed circularly polarized plane wave illumination as
Similarly, substituting Equation S8b into Equation S10, we obtain the electric field in the focal vicinity of this 4π beams combination microscopic system with right-handed circularly polarized plane wave illumination as
with Hi (i=0, 1, and 2) are three integrals of
Supercritical region criterion
For a spherical-lens-based optical imaging system, the light is usually focused into an Airy spot with the size of 0.61λ/NA, accompanied by a very weak side lobe with a mere 1.75%
intensity of main spot (44). Sub-diffraction limit focusing is feasible at the cost of increasing energy in the side lobes. For non-polarized incident light, higher spatial frequency corresponds to a smaller spot. The extreme case is that light with only the maximum spatial frequency is focused into a hotspot with intensity profile proportional to   2 0 J krNA , which is named as "maximum-frequency spot". This maximum-frequency spot has a main lobe of 0.38λ/NA and comes with moderate side lobes (16.2% of main spot) (45, 46) . Following the same strategy, we examine the spot size that corresponds to single frequency with circularly polarized incident light. The minimum lateral spot size when the single frequency traverses from 0 to semi-aperture α, is taken as the super-oscillation criterion (SOC). The range of RC 
where α is the semi-aperture of objective. The     FWHM I  denotes the function which is employed to find the spot size at full width at half maximum. Figure S1 shows the resulted RC and SOC in our 4π system with oil-immersed objective (NA=1.43, 1.509 0.95 NA 
).
The SOC has a similar shape like the RC. For a given NA, the spot with size below the diffraction limit and above SOC can be called supercritical spot. What's more, the SOC for circularly polarized light is quite close to the SOC for non-polarized light when sin 0.6   .
The SOC is 0.3512λ and RC is 0.4255λ in our case ( 1.509 0.95 NA  ), thus, the resultant supercritical region is between 0.3512λ to 0.4255 λ. This finely distinguished roadmap provides an instructive guide that supercritical region is the best choice when one purses a super-resolution spot without high side lobes outside designed region. More importantly, this calculation method can be extended to incident light with other polarization modes, which provides a routine to find the SOC for different incident light.
Optimization on lateral supercritical design and axial side lobes suppression
The optimization target in our calculation is to minimize spot volume with following constrains. First, the minimum and maximum NA in beams combination is 0.981 ( sin 0.65   ) and 1.434 ( sin 0.95   ), respectively. Second, the lateral spot size is set to be in the supercritical region. Last, the side lobes should be below 30% of main spot, which is practical for real-life application. The optimization is implemented by using interior point optimization algorithm, considering the beam sizes of six incident circularly polarized light and corresponding amplitude coefficients as optimizing parameters. The optimized parameters are shown in table S1.
Theory of light induced magnetization and magnetization reversal
Essentially, we treat conducting electrons within MO medium as a collisionless plasma in which the electrons can migrate freely (25, 43) . As a consequence, the effective magnetization, in the isotropic MO material, induced by incident beams in 4π beams combination system reads
where * t E denotes the complex conjugate of t E , γ is the magneto-optical susceptibility.
Substituting Equations S11-S13 into Equation S16, and doing some simple mathematical simplifications, the induced magnetization fields by left-handed circularly polarized light and right-handed circularly polarized light in the 4π beams combination system are given by 
with Hi (i=0, 1, and 2) in Equation S13.
Apparently, it is found from Equations S13 and S17 that the radial magnetization component disappears absolutely for both light helicity. Moreover, the induced total magnetization field is primarily determined by the longitudinal magnetization components as the value of H0 always overwhelms that of either H1 or H2 in the focal region. Especially, the resultant magnetization field at r=0 and z=0 becomes totally longitudinal, i.e. M=Mz, which is essentially different from the magnetization induced by single high-NA objective.
From Equation S17a and Equation S17b, one can immediately conclude that the magnetization direction under left-handed circularly polarized incident light is opposite to that under right-handed circularly polarized incident light at focal region at r=0 and z=0, i.e. LC RC  MM . This theoretically proves that the magnetization reversal occurs via two illuminations with opposite light helicity (18).
Theoretical model for multifoci by multiple phase filters
To obtain desired multifoci pattern analytically, a common used routine is to convert the vectorial diffraction integral of Equations S1 and S2 into Fourier transform field  
,, x y z 0 Ε (48, 49) . Thus, considering the incident beams modulated by multiple phase filters and following our previous analysis in (50), the focal distribution in Equation S1 can be rewritten . This implies that it is feasible to focus light into multifocal spots provided that Fourier transform of t(x, y) exhibits a multifocal function.
In a similar fashion, the super-resolved magnetization spot array can be generated by focusing circularly polarized light beams impinging on the proposed multiple phase filters.
To this end, the following analytical formula is given as
where N is an integer, giving the total number of spots along the x, y and z directions; ai, bi and ci represent the displacements along x, y and z directions, respectively. Combining Equations S16, S17 and Equations S18 to S20, the multifoci magnetization spots can be produced by focusing left-handed circularly polarized plane beam imposed by the multiple phase filters, which is shown in Fig. 3 and Fig. 2 .
GPU parallel computing
When the multifocal off-axial magnetization spots are numerically generated, it includes 
